
James Ruse Agricultural High School

2022 Year 12 Trial HSC Examination

Mathematics Extension 2

General
Instructions

• Reading time – 10 minutes
• Working time – 3 hours
• Write using black pen
• Calculators approved by NESA may be used
• A reference sheet is provided at the back of this paper
• For questions in Section II, show relevant mathematical reasoning and/ or

calculations

Total marks:
100

Section I – 10 marks (pages 2–4)
• Attempt Questions 1–10
• Allow about 15 minutes for this section

Section II – 90 marks (pages 6–15)
• Attempt Questions 11–16
• Allow about 2 hours and 45 minutes for this section



Section I

10 marks
Attempt Questions 1 – 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 – 10.

1 Which expression is equal to
∫

𝑥2 sin 𝑥 𝑑𝑥?

−𝑥2 cos 𝑥 −
∫

2𝑥 cos 𝑥 𝑑𝑥A.

−2𝑥 cos 𝑥 +
∫

𝑥2 cos 𝑥 𝑑𝑥B.

−𝑥2 cos 𝑥 +
∫

2𝑥 cos 𝑥 𝑑𝑥C.

−2𝑥 cos 𝑥 −
∫

𝑥2 cos 𝑥 𝑑𝑥D.

2 Given that (1 + 𝑖)𝑛 = 𝑎𝑖, where 𝑎 is a non-zero real constant, then (1 + 𝑖)2𝑛+2 simplifies to

𝑎4A.

2𝑎2𝑖B.

1 + 𝑎2𝑖C.

−2𝑎2𝑖D.

3 A line in 3D space has equation given by 𝑟˜=


4
− 3
1

 + 𝜆


− 2
5
1

 , where 𝜆 is a real constant.

Which of the following statements is true?

The line passes through the origin.A.

The point (−2, 5, 1) lies on the line.B.

The point (2, 2, 2) lies on the line.C.

The vector 4𝑖˜− 3 𝑗˜+ 𝑘˜ points in the direction of the line.D.
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4 A particle moves in simple harmonic motion represented by the displacement-time graph
below.

𝑡

𝑥

0.5 1 1.5 2

4

−4

Which of the following represents the velocity of the particle as a function of time?

𝑣(𝑡) = 4 cos 𝜋𝑡A.

𝑣(𝑡) = 𝜋 cos 𝜋𝑡B.

𝑣(𝑡) = −4𝜋 sin 𝜋𝑡C.

𝑣(𝑡) = −4 sin 𝜋𝑡D.

5 Which of the following options is the contrapositive of the statement:

“You win the game if you know the rules but are not overconfident.”

If you lose the game, then you don’t know the rules or you are overconfident.A.

If you don’t know the rules or are overconfident, you lose the game.B.

If you know the rules of are overconfident, then you win the game.C.

A necessary condition that you know the rules or you are not overconfident is that you
win the game.

D.

6 If 1+ 𝑘𝑖 a root of the quadratic 𝑧2 + 𝑘𝑧 + 5, where 𝑘 is a real number, what is the value of 𝑘?

𝑘 = 2 onlyA.

𝑘 = −2 onlyB.

𝑘 = 2 and 𝑘 = −2C.

No real value of 𝑘 exists.D.
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7 Let 𝑧 =
√

3+ 𝑖. If 𝑧𝑛 + (𝑧)𝑛 is rational, which of the following is NOT a possible value of 𝑛?

2A. 3B.

5C. 6D.

8 Consider the statements below.

I. 𝑓 (𝑥) ≤ 𝑔(𝑥) ⇐⇒ 𝑓 ′(𝑥) ≤ 𝑔′(𝑥)

II. 𝑓 (𝑥) ≤ 𝑔(𝑥) for all 𝑥 ∈ [𝑎, 𝑏] ⇐⇒
∫ 𝑏

𝑎

𝑓 (𝑥) 𝑑𝑥 ≤
∫ 𝑏

𝑎

𝑔(𝑥) 𝑑𝑥.

Which of the following options are true?

I and II are both false.A.

I is false but II is true.B.

I is true but II is false.C.

I and II are both true.D.

9 A particle is moving along a straight line so that initially its displacement is 𝑥 = 1, its
velocity is 𝑣 = 2, and its acceleration is 𝑎 = 4. Which is a possible equation describing the
motion of the particle?

𝑣 = 2 sin(𝑥 − 1) + 2A.

𝑣 = 2 + 4 ln 𝑥B.

𝑣2 = 4(𝑥2 − 2)C.

𝑣 = 𝑥2 + 2𝑥 + 4D.
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10 Let 𝑟˜(𝑡) be a curve in 3D space. The following diagrams show projections of 𝑟˜(𝑡) onto the
𝑥𝑦, 𝑥𝑧 and 𝑦𝑧 planes. The diagrams are NOT to scale.

𝑥

𝑦

𝑥

𝑧

𝑦

𝑧

Which of the following is the correct vector representation of 𝑟˜(𝑡)?
𝑟˜(𝑡) = (2 sin 𝑡)𝑖˜+ (4 cos 2𝑡) 𝑗˜+ (𝑡)𝑘˜A.

𝑟˜(𝑡) = (2 sin 𝑡)𝑖˜+ (4 sin 2𝑡) 𝑗˜+ (𝑡)𝑘˜B.

𝑟˜(𝑡) = (2 cos 𝑡)𝑖˜+ (4 cos 2𝑡) 𝑗˜+ (𝑡)𝑘˜C.

𝑟˜(𝑡) = (2 cos 𝑡)𝑖˜+ (4 sin 2𝑡) 𝑗˜+ (
√
𝑡)𝑘˜D.
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Section II

90 marks
Attempt Questions 11 – 16
Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (16 marks) Use the Question 11 Writing Booklet

(a) (i) 1Write the negation of the statement 𝑃 below using logic symbols.

𝑃 : ∀𝑥 ∈ Z+, ∃𝑦 ∈ Z+, 𝑦 = 𝑥 − 1.

(ii) 1Prove that the original statement 𝑃 is false by providing a counterexample.

(b) (i) 1Prove that 𝑥 + 𝑦 ≥ 2√𝑥𝑦 for positive real numbers 𝑥 and 𝑦.

(ii) 2Hence, or otherwise, find the minimum value of the function

𝑓 (𝑥) = 9𝑥2 sin2 𝑥 + 4
𝑥 sin 𝑥

in the domain 0 < 𝑥 < 𝜋.

Question 11 continues on page 7
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Question 11 (continued)

(c) Compute the following integrals.

(i) 2
∫ 1

√
3 + 2𝑥 − 𝑥2

𝑑𝑥

(ii) 3
∫

𝑥 + 7
1 − 𝑥2 𝑑𝑥

(d) 2Determine whether the line through the points (2, 0, 9) and (−4, 1, 5) and the line

given by 𝑟˜ =


5
2
− 8

 + 𝜆


0
− 9
− 3

 are parallel, perpendicular or neither. You must show

all your working.

(e) 2Let 𝑎˜ and 𝑏˜ be non-zero vectors and 𝐹˜(𝑡) = 𝑒2𝑡𝑎˜ + 𝑒−2𝑡𝑏˜. Prove that 𝐹˜′′(𝑡) has the
same direction as 𝐹˜(𝑡).

(f) 2Show that a particle which moves according to the equation 𝑣2 = 36 − 6𝑥 − 2𝑥2 is
undergoing simple harmonic motion, where 𝑣 is the velocity of the particle and 𝑥 is
the displacement of the particle.

End of Question 11
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Question 12 (14 marks) Use the Question 12 Writing Booklet

(a) 4Find the cartesian equation of the vector function 𝑟˜(𝑡) =
[

1
2 (cos 𝑡 − sin 𝑡)
cos3 𝑡 − sin3 𝑡

]
.

(b) A particle of unit mass is projected vertically upwards from the ground at a speed of

𝑉 ms−1. The particle is acted on by both gravity, and air resistance of magnitude
𝑣2

40
,

where 𝑣 is the velocity of the particle measured in ms−1. After 𝑡 seconds, the particle’s
height from the ground, is 𝑥 metres.

(i) 2Draw a force diagram illustrating all the forces acting on the particle while the

particle is moving upwards and derive the equation of motion ¥𝑥 = −
(
𝑔 + 𝑣2

40

)
.

(ii) 3Show that the greatest height the particle reaches is ℎ = 20 ln
(
40𝑔 +𝑉2

40𝑔

)
.

(iii) 3Find the time taken to reach this greatest height.

Having reached its maximum height, the particle falls back down towards its initial
point of projection. Assume that only gravity and air resistance act on the particle.

(iv) 2Find the terminal velocity of the particle on its way down.

End of Question 12
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Question 13 (15 marks) Use the Question 13 Writing Booklet

(a) 3Prove that for all complex numbers 𝑧, 𝑒𝑧 ≠ 0.

(b) 3Use mathematical induction to prove that the number of diagonals of a convex polygon
with 𝑛 vertices is

1
2
𝑛(𝑛 − 3) for 𝑛 ≥ 4.

(c) A function 𝑓 (𝑥) with domain D is called injective if

∀𝑥1, 𝑥2 ∈ D 𝑥1 ≠ 𝑥2 =⇒ 𝑓 (𝑥1) ≠ 𝑓 (𝑥2).

(i) 1Write down an equivalent statement for 𝑓 (𝑥) to be injective.

(ii) 2Hence, prove that 𝑓 (𝑥) = 3𝑥+4 is an injective function across its natural domain.

(d) 2Three points 𝐴, 𝐵 and 𝐶 have position vectors −2𝑎˜+ 3𝑏˜+ 5𝑐˜ , 𝑎˜+ 2𝑏˜+ 3𝑐˜ and 7𝑎˜− 𝑐˜respectively. The point 𝐵 lies between 𝐴 and 𝐶. Show that 𝐴, 𝐵 and 𝐶 are collinear.

Question 13 continues on page 10
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Question 13 (continued)

(e) The stairs of a cylindrical shaped tower spiral upwards from the ground to an obser-
vation deck at point 𝐵, as shown below.

The path begins at point 𝐴 on the ground along the 𝑥-axis and finishes at 𝐵. The time
taken in seconds for Hannah to walk along the spiral path starting at 𝐴 is presented
by 𝑡. It takes Hannah 70𝜋 seconds to reach point 𝐵. Her position on this path can be
represented by

𝑟˜(𝑡) =

15 cos(0.5𝑡)
15 sin(0.5𝑡)

0.3𝑡

 metres.

(i) 1Determine the height of the observation deck above the ground correct to 2
decimal places.

Hannah walks one loop around the tower and ends up directly above point 𝐴.

(ii) 1At what time and height does this occur?

(iii) 2Find Hannah’s speed at this point.

End of Question 13
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Question 14 (15 marks) Use the Question 14 Writing Booklet

(a) Let 𝑃 be the point which represents the complex number 𝑧 = 𝑥 + 𝑖𝑦 in the complex
plane.

(i) 3Sketch the curve traced out by 𝑃 in the complex plane if |𝑧−1−𝑖 | = Im(𝑧+1+𝑖).
You MUST draw the curve on the axes provided for you on the back of the
Multiple Choice sheet.

(ii) 1Show that −(𝑖𝑧) = 𝑦 + 𝑖𝑥.

Suppose now that the point 𝑄 represents the complex number −(𝑖𝑧).

(iii) 2Sketch the curve traced out by 𝑄 on the same diagram as part (i). Show all
necessary features.

(b) For 𝑛 = 0, 1, 2, . . . define

𝐼𝑛 =

∫ 𝜋/4

0
tan𝑛 𝜃 𝑑𝜃.

(i) 1Show that 𝐼1 =
1
2

ln 2.

(ii) 3Show that for 𝑛 ≥ 2,
𝐼𝑛 + 𝐼𝑛−2 =

1
𝑛 − 1

.

(iii) 3For 𝑛 ≥ 2, explain why 𝐼𝑛 < 𝐼𝑛−2, and deduce that

1
2(𝑛 + 1) < 𝐼𝑛 <

1
2(𝑛 − 1) .

(iv) 2By using the recurrence relation in part (ii), find 𝐼5 and deduce that

2
3
< ln 2 <

3
4
.

End of Question 14
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Question 15 (14 marks) Use the Question 15 Writing Booklet

(a) Let S1 be a sphere with equation

������ 𝑟˜−


0
− 1
6


������ = 15.

(i) 1Show that the point 𝑃(4.2,−1, 0.4) lies inside the sphere S1.

(ii) 2Find the equation of the line ℓ passing through the centre of the sphere S1 and
the point 𝑃. Express the direction vector of your line as a unit vector.

Another sphere S2 has radius 10 and centre at the point 𝑃. The intersection between
S1 and S2 is a circle C. You are given that the line ℓ is perpendicular to the plane
which the circle C lies in.

(iii) 3The radius of sphere S2 remains fixed at 10 but its centre is now free to move
along the line ℓ. Find all possible vector equations of sphere S2 such that it is
internally tangent to S1.

Question 15 continues on page 13
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Question 15 (continued)

(b) Two particles with opposite charges are attracted to each other with a force numerically

equal to
𝑘2

𝑥2 , where 𝑥 is their distance apart in metres.

Particle 𝐴 is fixed and particle 𝐵, of mass 𝑚 kg, is released at a distance 2𝑎 metres
from 𝐴, as shown in the diagram below.

𝐴 𝐵 Start

𝑥

2𝑎

(i) 3Show that the speed 𝑣 of particle 𝐵 can be given by 𝑣2 =
2𝑘2

𝑚

(
1
𝑥
− 1

2𝑎

)
.

(ii) 5Find the time taken for particle 𝐵 to reach halfway to 𝐴 from the start.

End of Question 15
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Question 16 (16 marks) Use the Question 16 Writing Booklet

(a) Let 𝑤 be the fifth root of unity with smallest positive argument.

(i) 1Show that 1 + 𝑤 + 𝑤2 + 𝑤3 + 𝑤4 = 0.

(ii) 2Hence, or otherwise, show that

1 + 2𝑤 + 3𝑤2 + 4𝑤3 + 5𝑤4 =
5

𝑤 − 1
.

(iii) 2By expressing 𝑧5 − 1 as a product of its factors, deduce that

(1 − 𝑤) (1 − 𝑤2) (1 − 𝑤3) (1 − 𝑤4) = 5.

(iv) 3If 𝑘 is a positive integer, show that

1 + 𝑤𝑘 + 𝑤2𝑘 + 𝑤3𝑘 + 𝑤4𝑘 =

{
5, if 𝑘 is divisible by 5
0, otherwise.

(v) 3Let ℓ be the largest integer such that 5ℓ ≤ 𝑛. Use the binomial theorem to show
that for 𝑛 ∈ Z+

1
5
[
2𝑛 + (1 + 𝑤)𝑛 + (1 + 𝑤2)𝑛 + (1 + 𝑤3)𝑛 + (1 + 𝑤4)𝑛

]
=

(
𝑛

0

)
+
(
𝑛

5

)
+
(
𝑛

10

)
+ · · · +

(
𝑛

5ℓ

)
.

Question 16 continues on page 15
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Question 16 (continued)

(b) (i) 1Show that, for non-zero vectors u and v, and real scalars 𝛼 and 𝛽,

proj𝛽v (𝛼u) = 𝛼 projv (u) .

(ii) 4Consider the sequences of vectors {an} and {bn} defined by

an =
1
5𝑛


(−1)𝑛+1 × 2

3
(−1)𝑛

 and bn =
1
2𝑛


1
− 8
7


for all integers 𝑛 ≥ 0.

A sequence of projection vectors {cn} is defined by cn = projan (bn) for all
integers 𝑛 ≥ 0.

Find
∞∑︁
𝑛=0

cn.

End of Examination.
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so they are not parallel
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i not perpendicular

lines are neither parallel nor
perpendicular
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Students who realised that something was wrong half way through the 
question and decided to "fudge" their way to the answer received only 
1/3 as it is considered as 2 errors made.

There were a couple of exceptions where a CONVINCING argument was made
involving redefinition of start and end points etc. These were rare.

Note: Students who missed the negative signs at the beginning 
of the question could only receive 2 out of 3 as a maximum if they were 
able to get to the following line without fudging.

lines such as the following are 
strongly discouraged

- LHS is indefinite and RHS is 
definite

- There is no way to know 
whether the limits were fudged 
as we can't see how the two 
sides correlate

- Also in a show question, the 
limits are CRITICAL for the 
marker to see your logic in 
defining which one should be 
upper and which one is lower

Alternate method, using the definite integral method

i
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Year 12 Trial Q16 
Suggested Solutions Marks 

Awarded 
Marker’s Comments 

(a) 

(i)  

Let 𝑧𝑧 = 1 + 𝑤𝑤 + 𝑤𝑤2 + 𝑤𝑤3 + 𝑤𝑤4 where 𝑤𝑤 = 𝑒𝑒2𝜋𝜋𝜋𝜋/5. 

Then  

𝑤𝑤𝑧𝑧 = 𝑤𝑤 + 𝑤𝑤2 + 𝑤𝑤3 + 𝑤𝑤4 + 𝑤𝑤5 

= 1 + 𝑤𝑤 + 𝑤𝑤2 + 𝑤𝑤3 + 𝑤𝑤4        (𝑤𝑤5 = 1) 

So 

𝑧𝑧 − 𝑧𝑧𝑤𝑤 = 0 

i.e. 

𝑧𝑧(1 −𝑤𝑤) = 0 

 

Since 𝑤𝑤 ≠ 1, it follows 𝑧𝑧 = 0. Hence the desired result follows. 

 

(ii)  

Consider that 

(1 + 2𝑤𝑤 + 3𝑤𝑤2 + 4𝑤𝑤3 + 5𝑤𝑤4)(𝑤𝑤 − 1) 

= 𝑤𝑤 + 2𝑤𝑤2 + 3𝑤𝑤3 + 4𝑤𝑤4 + 5𝑤𝑤5 − 1 − 2𝑤𝑤 − 3𝑤𝑤2 − 4𝑤𝑤3 − 5𝑤𝑤4 

= −(1 + 𝑤𝑤 + 𝑤𝑤2 + 𝑤𝑤3 + 𝑤𝑤4) + 5𝑤𝑤5 

= −(0) + 5 ⋅ 1  by part (i) and since 𝑤𝑤5 = 1 

= 5 

Hence, as 𝑤𝑤 ≠ 1, 

1 + 2𝑤𝑤 + 3𝑤𝑤2 + 4𝑤𝑤3 + 5𝑤𝑤4 =
5

𝑤𝑤 − 1
 

 

(iii)  

Given 𝑃𝑃(𝑧𝑧): = 𝑧𝑧5 − 1, we have for 𝑤𝑤𝑘𝑘  where 𝑘𝑘 ∈ ℤ,  

𝑃𝑃�𝑤𝑤𝑘𝑘� = �𝑤𝑤𝑘𝑘�5 − 1 

= (𝑤𝑤5)𝑘𝑘 − 1 

= 1 − 1 

= 0 

so, by factor theorem, 𝑃𝑃(𝑧𝑧) may be factorised as 

𝑧𝑧5 − 1 = (𝑧𝑧 − 1)(𝑧𝑧 − 𝑤𝑤)(𝑧𝑧 − 𝑤𝑤2)(𝑧𝑧 − 𝑤𝑤3)(𝑧𝑧 − 𝑤𝑤4) 

Also, 

𝑧𝑧5 − 1 = (𝑧𝑧 − 1)(1 + 𝑧𝑧 + 𝑧𝑧2 + 𝑧𝑧3 + 𝑧𝑧4) 

 

 
  
 
 
 
 
 
 
 
 
 
 
 
 
 

1 
 
 
 
 
 

1 
Sufficient, 

logical 
progress. 

 
 
 

1 
Final 

conclusion. 
 
 
 
 

1 
Needed to 
demonst-

rate an 
underst-
anding 

that 𝑤𝑤𝑘𝑘  
was a zero 

of the 
polynomial 
𝑧𝑧5 − 1 or 
something 
equivalent 
that meant 
one could 

 
 
 
Using the identity,  
 
0 = 𝑤𝑤5 − 1 = (𝑤𝑤 − 1)(1

+ 𝑤𝑤 + 𝑤𝑤2

+ 𝑤𝑤3

+ 𝑤𝑤4) 
 
along with 𝑤𝑤 ≠ 1 was 
accepted. 
 
 
 
 
 
 
Many students took the 
geometric series  
 
1 + 𝑤𝑤 + 𝑤𝑤2 + 𝑤𝑤3 + 𝑤𝑤4

+ 𝑤𝑤5

=
𝑤𝑤6 − 1
𝑤𝑤 − 1

 

and differentiated, giving 
the desired result. 
Differentiation of 
complex-valued functions 
is NOT part of the course 
and is therefore NOT 
something you are 
allowed to do. 
 
 
The worst type of 
question you can hope for 
is one where the target is 
given to you. Why? 
Because you must explain 
why you’re doing what 
you’re doing when you’re 
doing it. No matter how 
‘trivial’ you think, it’s not 
the point of the exercise. 
Ignore this advice at your 
peril. 
 
Many students moved 
straight into producing a 



so, 

(𝑧𝑧 − 1)(1 + 𝑧𝑧 + 𝑧𝑧2 + 𝑧𝑧3 + 𝑧𝑧4)

= (𝑧𝑧 − 1)(𝑧𝑧 − 𝑤𝑤)(𝑧𝑧 − 𝑤𝑤2)(𝑧𝑧 − 𝑤𝑤3)(𝑧𝑧 − 𝑤𝑤4)  … (∗) 

 

Hence for 𝑧𝑧 ≠ 1,  

1 + 𝑧𝑧 + 𝑧𝑧2 + 𝑧𝑧3 + 𝑧𝑧4 = (𝑧𝑧 − 𝑤𝑤)(𝑧𝑧 − 𝑤𝑤2)(𝑧𝑧 − 𝑤𝑤3)(𝑧𝑧 − 𝑤𝑤4)  … (#) 

Now, we have then that (#) is an identity for all 𝑧𝑧 ≠ 1. But then LHS and 

RHS agree for at least five distinct values of 𝑧𝑧, hence the quartic 

polynomials are identical. Hence they also hold true for 𝑧𝑧 = 1. 

Putting 𝑧𝑧 = 1, in (#), we find 

 

5 = (1 −𝑤𝑤)(1 −𝑤𝑤2)(1 −𝑤𝑤3)(1 − 𝑤𝑤4) 

 

(iv) 

• One way of handling the problem: 

If 5|𝑘𝑘, then 𝑘𝑘 = 5𝑗𝑗 for some 𝑗𝑗 ∈ ℤ, so 

1 + 𝑤𝑤𝑘𝑘 + 𝑤𝑤2𝑘𝑘 + 𝑤𝑤3𝑘𝑘 + 𝑤𝑤4𝑘𝑘 = 1 + 𝑤𝑤5𝑗𝑗 + 𝑤𝑤2(5𝑗𝑗) + 𝑤𝑤3(5𝑗𝑗) + 𝑤𝑤4(5𝑗𝑗) 

= 1 + 𝑤𝑤5𝑗𝑗 + �𝑤𝑤5𝑗𝑗�2 + �𝑤𝑤5𝑗𝑗�3 + �𝑤𝑤5𝑗𝑗�4 

= 1 + 1 + 12 + 13 + 14 

= 5 

And if ¬5|𝑘𝑘, then we could note, since 𝑤𝑤5𝑘𝑘 = (𝑤𝑤5)𝑘𝑘 = 1𝑘𝑘 = 1, that 

0 = 𝑤𝑤5𝑘𝑘 − 1 = �𝑤𝑤𝑘𝑘 − 1��1 + 𝑤𝑤𝑘𝑘 + 𝑤𝑤2𝑘𝑘 + 𝑤𝑤3𝑘𝑘 + 𝑤𝑤4𝑘𝑘� 

Since 5 does not divide 𝑘𝑘, 𝑘𝑘 = 5𝑗𝑗 + 𝑟𝑟 for 𝑟𝑟 = 1, 2, 3, 4, so 𝑤𝑤𝑘𝑘 − 1 =

𝑤𝑤5𝑗𝑗+𝑟𝑟 − 1 = 𝑤𝑤5𝑗𝑗𝑤𝑤𝑟𝑟 − 1 = 1 ⋅ 𝑤𝑤𝑟𝑟 − 1 = 𝑤𝑤𝑟𝑟 − 1 ≠ 0, so the only source 

of 0 in �𝑤𝑤𝑘𝑘 − 1��1 + 𝑤𝑤𝑘𝑘 + 𝑤𝑤2𝑘𝑘 + 𝑤𝑤3𝑘𝑘 + 𝑤𝑤4𝑘𝑘� = 0 is the factor 

1 + 𝑤𝑤𝑘𝑘 + 𝑤𝑤2𝑘𝑘 + 𝑤𝑤3𝑘𝑘 + 𝑤𝑤4𝑘𝑘  

Hence 

1 + 𝑤𝑤𝑘𝑘 + 𝑤𝑤2𝑘𝑘 + 𝑤𝑤3𝑘𝑘 + 𝑤𝑤4𝑘𝑘 = 0 

If 5 does not divide 𝑘𝑘. 

 

• The way most candidates handled the problem was through 

applying quotient-remainder theorem as follows. 

 

By quotient-remainder theorem, we may express all integers 𝑘𝑘 in the form 

𝑘𝑘 = 5𝑗𝑗 + 𝑟𝑟 

where 𝑗𝑗 ∈ ℤ, 𝑟𝑟 ∈ {0,1,2,3,4}. So,  

produce 
the 

factorisatio
n in 𝑤𝑤 that 

was 
desired. 

 
 

1 
Second 

mark for 
correct 

conclusion.  
 
 
 
 
 
 
 

1 
First mark 
for proving 

the case 
for 5|𝑘𝑘 

 
 
 
 
 

1 
Second 

mark for 
sufficient 
progress 
dealing 

with 
remaining 

cases. 
 
 
 

1 
Final mark 

for 
complete 

proof. 
 
 
 
 
 
 

factorisation in 𝑤𝑤 as 
something to be accepted. 
No: you must justify.  
 
 
Marks were not deducted 
for not justifying why, 
after division by 𝑧𝑧 − 1, we 
are then allowed to make 
the substitution of 𝑧𝑧 = 1 
since we are dealing with 
identities (benefit of 
doubt was given). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Many students lost a mark 
for not completing their 
proof for the case where 5 
does not divide 𝑘𝑘.  
 
‘Ellipsis-proofing’ or using 
‘etc.’ is not going to cut it 
when others are 
completing it fully. Until 
you perform the 
derivation, you’re 
asserting a belief, not a 
fact. You are awarded for 
presentation of facts. 
 
 
 
 
 
 
 
 
 
 
 



 

�𝑤𝑤𝑛𝑛𝑘𝑘
4

𝑛𝑛=0

= �𝑤𝑤𝑛𝑛(5𝑗𝑗+𝑟𝑟)
4

𝑛𝑛=0

= �(𝑤𝑤5)𝑛𝑛𝑗𝑗  𝑤𝑤𝑛𝑛𝑟𝑟
4

𝑛𝑛=0

= � 1 ⋅ 𝑤𝑤𝑛𝑛𝑟𝑟
4

𝑛𝑛=0

 

= 1 + 𝑤𝑤𝑟𝑟 + (𝑤𝑤𝑟𝑟)2 + (𝑤𝑤𝑟𝑟)3 + (𝑤𝑤𝑟𝑟)4 

= �
𝑤𝑤5𝑟𝑟 − 1
𝑤𝑤𝑟𝑟 − 1

if  𝑟𝑟 ≠ 0 (i. e.  𝑤𝑤𝑟𝑟 ≠ 1)

5 if 𝑟𝑟 = 0 (i. e.  𝑤𝑤𝑟𝑟 = 1)
  

= �
1 − 1
𝑤𝑤𝑟𝑟 − 1

if  𝑟𝑟 ≠ 0

5 if 𝑟𝑟 = 0
 

= �0 if  𝑟𝑟 ≠ 0
5 if 𝑟𝑟 = 0  

 

So,  

1 + 𝑤𝑤𝑘𝑘 + 𝑤𝑤2𝑘𝑘 + 𝑤𝑤3𝑘𝑘 + 𝑤𝑤4𝑘𝑘 = �5 if  5|𝑘𝑘
0 otherwise

 

 

(v) 

𝑆𝑆 ≔
1
5

[(1 + 1)𝑛𝑛 + (1 + 𝑤𝑤)𝑛𝑛 + (1 + 𝑤𝑤2)𝑛𝑛 + (1 + 𝑤𝑤3)𝑛𝑛 + (1 + 𝑤𝑤4)𝑛𝑛] 

 

=
1
5
���

𝑛𝑛
𝑗𝑗 �

𝑛𝑛

𝑗𝑗=0

+ ��
𝑛𝑛
𝑗𝑗 �𝑤𝑤

𝑗𝑗
𝑛𝑛

𝑗𝑗=0

+ ��
𝑛𝑛
𝑗𝑗 �𝑤𝑤

2𝑗𝑗
𝑛𝑛

𝑗𝑗=0

+ ��
𝑛𝑛
𝑗𝑗 �𝑤𝑤

3𝑗𝑗
𝑛𝑛

𝑗𝑗=0

+ ��
𝑛𝑛
𝑗𝑗 �𝑤𝑤

4𝑗𝑗
𝑛𝑛

𝑗𝑗=0

� 

 

=
1
5
��

𝑛𝑛
𝑗𝑗 �

𝑛𝑛

𝑗𝑗=0

�1 + 𝑤𝑤𝑗𝑗 + 𝑤𝑤2𝑗𝑗 + 𝑤𝑤3𝑗𝑗 + 𝑤𝑤4𝑗𝑗� 

 

Now, by (iv), 1 + 𝑤𝑤𝑗𝑗 + 𝑤𝑤2𝑗𝑗 + 𝑤𝑤3𝑗𝑗 + 𝑤𝑤4𝑗𝑗 = 0 if 5 does not divide 𝑗𝑗, and 

the sum is 5 otherwise. Hence all terms carrying 𝑗𝑗 not a multiple of 5 will 

make contributions of 0 to the sum. All terms with 𝑗𝑗 a multiple of 5 will 

make a contribution of �
𝑛𝑛
𝑗𝑗 �5. 

So, for 5ℓ = max{5𝑚𝑚 ∈ ℕ0: 5𝑚𝑚 ≤ 𝑛𝑛, 𝑛𝑛 ≥ 0 fixed}, 

𝑆𝑆 =
1
5
��

𝑛𝑛
𝑗𝑗 �5

5ℓ

𝑗𝑗=0
5|𝑗𝑗

 

= �𝑛𝑛0�+ �𝑛𝑛5�+ � 𝑛𝑛10� + ⋯+ � 𝑛𝑛5ℓ� 

(i.e. where ℓ is largest integer such that 5ℓ ≤ 𝑛𝑛). 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1 
First mark 

for 
correctly 

expanding 
and 

manipulat-
ing the 

binomial 
sums. 

 
1 

Second 
mark for 
justifying 
why ~80% 

of the 
terms 

collapse to 
0. 
 
 

1 
Final mark 
for correct 
conclusion. 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Many students failed to 
provide sufficient 
justification as to why 
certain terms vanished. 
Again, the worst problem 
to be given is one where 
you’re given the answer! 
You must justify every 
step as completely as 
possible. Don’t take 
anything for granted.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



(b)  

(i) 

proj𝛽𝛽𝐯𝐯(𝛼𝛼𝐮𝐮) =
(𝛼𝛼𝐮𝐮) ⋅ (𝛽𝛽𝐯𝐯)

(𝛽𝛽|𝐯𝐯|)2 𝛽𝛽𝐯𝐯 

 

=
𝛼𝛼(𝐮𝐮 ⋅ 𝐯𝐯)

|𝐯𝐯|2 𝐯𝐯 

 

= 𝛼𝛼 proj𝐯𝐯𝐮𝐮 

 

(ii) 

Given 

𝐚𝐚𝑛𝑛 =
1

5𝑛𝑛
�
(−1)𝑛𝑛+1 × 2

3
(−1)𝑛𝑛

�       𝐛𝐛𝑛𝑛 =
1

2𝑛𝑛
�

1
−8
7
� 

 

then 

𝐜𝐜𝑛𝑛 ≔ proj 𝐚𝐚𝑛𝑛𝐛𝐛𝑛𝑛 

=
1

2𝑛𝑛
proj

�
(−1)𝑛𝑛+1×2

3
(−1)𝑛𝑛

�
��

1
−8
7
�� 

=
1

2𝑛𝑛
×

((−1)𝑛𝑛+1 × 2 × 1 + 3 × (−8) + (−1)𝑛𝑛 × 7)
((−1)𝑛𝑛+1 × 2)2 + 32 + ((−1)𝑛𝑛)2 �

(−1)𝑛𝑛+1 × 2
3

(−1)𝑛𝑛
� 

=
1

2𝑛𝑛
×

5 × (−1)𝑛𝑛 − 24
14

�
(−1)𝑛𝑛 × (−2)

3
(−1)𝑛𝑛

� 

Presence of (−1)𝑛𝑛 suggests alternation in 𝑐𝑐𝑛𝑛 , where we note that for all 

integral 𝑛𝑛 ≥ 0, we get two forms from 5×(−1)𝑛𝑛−24
14

�
(−1)𝑛𝑛 × (−2)

3
(−1)𝑛𝑛

�, with 

the only variation occurring because of 1
2𝑛𝑛

.  

Since we have alternation, we’ll get one form when 𝑛𝑛 is even, the other 

form when 𝑛𝑛 is odd. 

We will partition the sum  

�𝐜𝐜𝑛𝑛

∞

𝑛𝑛=0

 

 

into a sum of even 𝑛𝑛 and a sum of odd 𝑛𝑛. 

 

 
 
 
 
 
 
 
 
 

1 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1 
 

First mark 
for correct 
calculation 

of 𝐜𝐜𝑛𝑛  
 
 
 
 
 
 

1 
Second 

mark for 
sufficiently 
identifying 

some 
pattern 
(i.e. odd 
and even 

expansion) 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Some general remarks: 
 

• Some students 
projected vectors 
incorrectly (i.e. 
projecting 𝐚𝐚𝑛𝑛  onto 
𝐛𝐛𝑛𝑛); 

• Mishandling of 
negatives; 

• Not expanding at 
all to observe a 
pattern (it should 
be noted that 
(−1)𝑛𝑛 where 𝑛𝑛 ∈
ℤ is an 
alternator/switch-
ing 
function…when 
used alone, it 
usually breaks 
sums into two 
classes. Can also 
see cos (𝑛𝑛𝜋𝜋), 𝑛𝑛 ∈
ℤ does the same);  

• Students dropping 
vectors, thereby 
summing only the 



Let 𝑛𝑛 = 2𝑘𝑘. Then  

𝑐𝑐2𝑘𝑘 =
1

22𝑘𝑘
×

5 × (−1)2𝑘𝑘 − 24
14

�
(−1)2𝑘𝑘 × (−2)

3
(−1)2𝑘𝑘

� 

=
1

4𝑘𝑘
×
−19
14

�
−2
3
1
� 

=
1

4𝑘𝑘
×

19
14

�
2
−3
−1

� 

And for 𝑛𝑛 = 2𝑘𝑘 + 1, 

𝑐𝑐2𝑘𝑘+1 =
1

22𝑘𝑘+1
×

5 × (−1)2𝑘𝑘+1 − 24
14

�
(−1)2𝑘𝑘+1 × (−2)

3
(−1)2𝑘𝑘+1

� 

=
1
2

×
1

4𝑘𝑘
×
−29
14

�
2
3
−1

� 

=
1

4𝑘𝑘
×

29
28

�
−2
−3
1
� 

 

Hence 

�𝐜𝐜𝑛𝑛

∞

𝑛𝑛=0

= �𝐜𝐜2𝑘𝑘

∞

𝑘𝑘=0

+ �𝐜𝐜2𝑘𝑘+1

∞

𝑘𝑘=0

 

 

= �
1

4𝑘𝑘
×

19
14

�
2
−3
−1

�
∞

𝑘𝑘=0

+ �
1

4𝑘𝑘
×

29
28

�
−2
−3
1
�

∞

𝑘𝑘=0

 

 

= �
19
14

�
2
−3
−1

� +
29
28

�
−2
−3
1
���

1
4𝑘𝑘

∞

𝑘𝑘=0

 

 

=
1

28
��

18
−201
−9

���
1

4𝑘𝑘

∞

𝑘𝑘=0

 

 

Now, if  

𝑠𝑠𝑛𝑛 : = �
1

4𝑘𝑘

𝑛𝑛

𝑘𝑘=0

= 1 +
1
4

+
1

42
+ ⋯+

1
4𝑛𝑛

 

then 
1
4
𝑠𝑠𝑛𝑛 =

1
4

+
1

42
+ ⋯+

1
4𝑛𝑛

+
1

4𝑛𝑛+1
 

 

 
 
 
 
 
 
 

1 
Third mark 
for correct 
calculation 

of both 
vectors for 

odd and 
even 𝑛𝑛. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

constants and 
presenting that as 
the limiting sum 
(be careful with 
projection 
calculations, this 
often happens). 

 
 

Students have asked since 
the examination whether 
separating infinite sums 
like this is necessarily ‘OK’. 
No, it’s not necessarily OK, 
but in a contrived 
condition (i.e. HSC), any 
non-standard infinite sum 
will have passed 
sufficiency tests for 
convergence…the point is, 
you don’t need to concern 
yourselves with it. 



So,  

𝑠𝑠𝑛𝑛 −
1
4
𝑠𝑠𝑛𝑛 =

3
4
𝑠𝑠𝑛𝑛  

= 1 −
1

4𝑛𝑛+1
 

 

So 

𝑠𝑠𝑛𝑛 = �
1

4𝑘𝑘

𝑛𝑛

𝑘𝑘=0

=
4
3
�1 −

1
4𝑛𝑛+1

� 

 

Taking the limit of partial sums, as 𝑛𝑛 → ∞,  

 

𝑠𝑠∞ = �
1

4𝑘𝑘

∞

𝑘𝑘=0

=
4
3

 

 

Hence 

�𝐜𝐜𝑛𝑛

∞

𝑛𝑛=0

=
4
3

×
1

28
��

18
−201
−9

�� =
1
7
�

6
−67
−3

� 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1 
Final mark 
for correct 

limiting 
sum of 

vectors in 
𝐜𝐜𝑛𝑛  

 


